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TORIC HYPERSYMPLECTIC QUOTIENTS
ANDREW DANCER AND ANDREW SWANN
Abstrat. We study the hypersympleti spaes obtained as quo-
tients of at hypersympleti spae R4d by the ation of a ompat
Abelian group. These 4n-dimensional quotients arry a multi-
Hamilitonian ation of an n-torus. The image of the hypersym-
pleti moment map for this torus ation may be desribed by a
onguration of solid ones in R3n. We give preise onditions
for smoothness and non-degeneray of suh quotients and show
how some properties of the quotient geometry and topology are
onstrained by the ombinatoris of the one ongurations. Ex-
amples are studied, inluding non-trivial strutures on R4n and
metris on omplements of hypersurfaes in ompat manifolds.
2000 Mathematis Subjet Classiation. Primary 53C25; Seondary 53D20,
53C55, 57S15.
Key words and phrases. Hypersympleti struture, neutral hyperKähler mani-
fold, tori variety, moment map.
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1. Introdution
An important onstrution in sympleti geometry is the sympleti
quotient of Marsden and Weinstein. Given a sympleti ation of a Lie
group G on a sympleti manifold M , this produes, under fairly mild
hypotheses, a new sympleti manifold of dimension dimM − 2 dimG.
One partiularly nie lass of sympleti examples is that of tori va-
rieties. Delzant [De℄ and Guillemin [Gu℄, have shown that a large lass
of tori varieties may be produed as sympleti quotients of Cd with
its at Kähler struture by a subtorus N of Td. Their work also shows
that the sympleti and Kähler geometry of these 2n-dimensional ex-
amples is determined by onrete desriptions of the moment polytope
as an intersetion of losed half-spaes in Rn.
In the present paper we shall investigate an analogous onstrution
in a situation where there are multiple sympleti strutures, namely
for hypersympleti manifolds. We onsider the geometries arising
from a hypersympleti quotient onstrution for ompat Abelian sub-
groups N of Td ating on Cd,d = Cd × Cd. We determine onditions
for the quotients to be smooth manifolds and to admit non-degenerate
geometri strutures in two ways: rstly by diret onsiderations, and
then by using the (hypersympleti) moment map for the ation of a
torus on the quotient. The losed half-spaes of Delzant and Guillemin
are now replaed by solid ones in R3n and we demonstrate how prop-
erties of the quotient may be dedued from partiular desriptions of
suh one ongurations.
Hypersympleti strutures were dened in a paper of Hithin [H℄
and have appeared in reent works suh as [Hu, Ka, FPPW, AD℄. One
has an indenite Kähler metri g of signature (2n, 2n), together with
a ovariant onstant endomorphism S of the tangent bundle, suh that
S2 equals the identity, S anti-ommutes with the omplex struture I,
and g(SX, SY ) = −g(X, Y ). Now I, S and T = IS generate an ation
of the Lie algebra sl(2,R) on eah tangent spae. Moreover, I, S, T ,
together with the metri g, dene three sympleti forms by
ωI(X, Y ) = g(X, IY ), ωS(X, Y ) = g(X,SY ),
ωT (X, Y ) = g(X, TY ),
hene the name hypersympleti. Every hypersympleti manifold is
neutral Calabi-Yau, that is, Rii-at Kähler with signature (2n, 2n).
Hypersympleti manifolds are split-quaternion analogues of hyperkäh-
ler manifolds and are sometimes referred to as neutral hyperkähler
manifolds.
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Hithin desribed a quotient onstrution for hypersympleti mani-
folds in [H℄, analogous to the hyperkähler quotient of [HKLR℄. If G ats
preserving a hypersympleti struture, then under mild onditions, we
have, for eah X ∈ g, a moment map µX taking values in R3. This
map satises the dening equation
dµX(Y ) = (ωI(X, Y ), ωS(X, Y ), ωT (X, Y )), (1.1)
where we identify X with the vetor eld it indues via the group
ation. Of ourse, equation (1.1) only gives µX up to an additive
onstant; these onstants are partially restrited by the additional as-
sumption that the maps µX ombine to dene a G-equivariant map µ
taking values in g∗⊗R3. If G is Abelian, then any hoie of µX gives an
equivariant map. The hypersympleti quotient is now dened to be
µ−1(0)/G. When µ has maximal rank and the ation of G is free, the
quotient has dimension 4 dimG less than the original hypersympleti
manifold. It inherits losed two-forms from ωI , ωS and ωT and one ex-
pets these to dene a hypersympleti struture; however degeneraies
may our on a ertain lous in the quotient.
In this paper we shall onentrate on hypersympleti quotients of
at spae Cd,d by ompat Abelian groups, although we prove some
general results ontrolling smoothness and non-degeneray of arbitrary
hypersympleti quotients. In some ways, the piture is intermediate
between that of Kähler quotients and of hyperkähler quotients as stud-
ied in [BD℄. In the hyperkähler ase the quotients are neessarily non-
ompat, whereas in the Kähler ase many quotients are ompat. For
the hypersympleti situation, we show how to produe non-ompat
non-singular strutures on R4n that are not at. It is also easy to
produe ompat quotient sets and with a little more work smooth ex-
amples may be found, but on the other hand these always have singu-
larities of the hypersympleti struture. We show that these ompat
quotients produe non-degenerate strutures on hypersurfae omple-
ments in real analyti subvarieties of ompat tori varieties. All the
quotients we produe arry a natural involution. We disuss in detail
some partiular examples, suh as the hypersympleti analogues of the
Calabi and Gibbons-Hawking multi-instanton spaes, and all examples
obtainable as quotients of C2,2 by a one-dimensional group.
Aknowledgements. Both authors are members of the Edge, Researh
Training Network hprn-t--, supported by The European
Human Potential Programme.
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2. The flat hypersympleti struture
Our examples will be hypersympleti quotients of the following at
hypersympleti struture. Let Cd,d be Cd × Cd with the omplex
struture
I(z, w) = (zi,−wi),
where i =
√−1, and with the indenite Kähler metri
g = Re
( d∑
k=1
dzkdz¯k − dwkdw¯k
)
.
Note that I is not the standard omplex struture I0 on this spae,
whih is instead dened by I0 : (z, w) 7→ (zi, wi). To distinguish I from
I0, we shall refer to this spae with omplex struture I0 as C
2d
.
If we dene S(z, w) = (w, z), then
IS(z, w) = I(w, z) = (wi,−zi),
SI(z, w) = S(zi,−wi) = (−wi, zi),
so IS = −SI. We dene T = IS, so that
I2 = −1, S2 = T 2 = 1, IS = T = −SI.
We have the following sympleti forms:
ωI =
1
2i
d∑
k=1
(dzk ∧ dz¯k + dwk ∧ dw¯k) ,
ωS =
1
2
d∑
k=1
(dzk ∧ dw¯k − dwk ∧ dz¯k) ,
ωT =
1
2i
d∑
k=1
(dzk ∧ dw¯k + dwk ∧ dz¯k) .
Note that ωS + iωT =
∑d
k=1 dzk ∧ dw¯k, whih is a holomorphi (2, 0)-
form with respet to I, but is of type (1, 1) for I0.
3. Moment maps
The torus Td ats on Cd,d by
(zk, wk) 7−→ (eiθkzk, eiθkwk).
This ation ommutes with I and S and hene with T , and preserves g.
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The moment maps from equation (1.1) are
µI : (z, w) 7−→
d∑
k=1
1
2
(|zk|2 + |wk|2)ek + c˜1,
µS + iµT : (z, w) 7−→
d∑
k=1
izkw¯kek + c˜2 + ic˜3,
where dµXI (Y ) = ωI(X, Y ), et., e1, . . . , ed are the standard basis ve-
tors for Rd, and c˜1, c˜2, c˜3 are arbitrary onstant vetors in R
d
.
The form of this diers from the hyperkähler moment map [BD℄ for
the Td ation on Hd, in that we have + |wk|2 rather than − |wk|2 in
the formula for µI . We also reall, for omparison, that the Kähler
moment map for the ation of Td on Cd is µ : z 7→∑dk=1 12 |zk|2 ek + c.
As in [Gu, BD℄ one onsiders a ompat Abelian subgroup N of Td
with Lie algebra n. We shall take n to be the kernel of a surjetive
linear map β : Rd → Rn given by
β : ek 7−→ uk,
with ui ∈ Zn. In partiular, Rn is spanned by u1, . . . , ud. Then we have
an exat sequene
0 −→ n ι−→ Rd β−→ Rn −→ 0 (3.1)
and N is dened to be the kernel of the map exp ◦β ◦ exp−1 : Td →
Tn. (The requirement that ui be integral exatly guarantees that this
omposition is well-dened.) For a given N , the map β is unique up
to omposition with an element of Aut(Zn), or in matrix terms up to
multipliation by an element of GL(n,Z) = {A ∈ Mn(Z) : detA 6=
0 and A−1 ∈Mn(Z)}.
We let 〈·, ·〉 denote the standard inner produt with respet to whih
e1, . . . , ed are orthonormal. For eah hoie of salars λ1, . . . , λd, the
set of vetors {u1, . . . , ud} denes a onvex polyhedron in Rn by the
equations
〈s, uk〉 > λk, for k = 1, . . . , d. (3.2)
In general, this polyhedron may be non-ompat.
There is an exat sequene dual to (3.1)
0 −→ Rn∗ β∗−→ Rd∗ ι∗−→ n∗ −→ 0.
We shall identify Rd
∗
with Rd using 〈·, ·〉. Now β∗ is given by
β∗(a) =
d∑
k=1
〈a, uk〉 ek (3.3)
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and the moment map for N beomes
µI : (z, w) 7−→
d∑
k=1
1
2
(|zk|2 + |wk|2)αk + c1,
µS + iµT : (z, w) 7−→
d∑
k=1
izkw¯kαk + c2 + ic3,
where αk = ι
∗ek. We write cj =
∑d
k=1 λ
(j)
k αk for some salars λ
(j)
k .
A point (z, w) lies in µ−1I (0) if and only if
ι∗
( d∑
k=1
(
1
2
(|zk|2 + |wk|2) + λ(1)k
)
ek
)
= 0. (3.4)
However ker ι∗ = im β∗, so using equation (3.3), we see that (3.4) is
equivalent to the existene of a ∈ Rn suh that
〈a, uk〉 = 12(|zk|2 + |wk|2) + λ(1)k , for k = 1, . . . , d. (3.5)
Similarly, (z, w) ∈ (µS + iµT )−1(0) if and only if
〈b, uk〉 = izkw¯k + λ(2)k + iλ(3)k , for k = 1, . . . , d, (3.6)
for some b ∈ Cn.
Equations (3.5) and (3.6) give a desription of the level set µ−1(0).
The hypersympleti quotient M of Cd,d by N is dened to be
M = µ−1(0)/N.
This is a Hausdor topologial spae; as we will see it may or may not
be a smooth manifold.
4. Non-degeneray of the quotient geometry
In this setion we shall onsider when hypersympleti quotients are
smooth, and at whih points the hypersympleti struture on the quo-
tient an degenerate. We will begin with the general ase and then
speialise to torus quotients of at spae.
Let us onsider an ation of a Lie group G on a manifold of di-
mension 4d preserving a hypersympleti struture and admitting a G-
equivariant moment map µ : M → g∗⊗R3. Thus, for eah element X
of g, the assoiated omponent µX of µ satises (1.1). Write G for the
distribution on M generated by tangent vetors to the group ation.
Denition 4.1. The ation satises ondition (F) if G ats properly
and freely on µ−1(0).
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Denition 4.2. The ation satises ondition (S) if at eah point
p ∈ µ−1(0) there is no non-zero solution to the equation
(IX1 + SX2 + TX3)p = 0, (4.1)
with X1, X2, X3 ∈ g.
Theorem 4.3. If the G-ation satises onditions (F) and (S), then
the hypersympleti quotient µ−1(0)/G is smooth.
Proof. It is suient, by (F), to show that µ−1(0) is a smooth manifold.
By (1.1), the kernel ker dµ is just the orthogonal omplement with
respet to g of the spae U spanned by IG, SG and TG.
As g is non-degenerate we have
rank dµ = 4d− dim ker dµ = 4d− dimU⊥ = dimU.
Condition (S) implies that dimU is 3 dimG, whih is 3 dimG by (F).
We dedue that dµ has maximal rank and the result follows. 
Remark 4.4. As the moment map µ is equivariant, G lies in ker dµ
on µ−1(0). This implies that G is orthogonal to IG, SG and TG. It
follows that these spaes are mutually orthogonal.
In the hyperkähler ase, where g is positive denite, this of ourse
means that ondition (S) and the onlusion of the theorem follow
automatially from the freeness of the ation of G, as in [HKLR℄.
It is proved in [H℄ that the kernels of the sympleti forms on µ−1(0)
are given by
ker i∗ωI = G + S(G ∩ G⊥) + T (G ∩ G⊥) (4.2)
and ylially, where i : µ−1(0)→M is inlusion.
Denition 4.5. The ation satises ondition (D) if G ∩ G⊥ = {0} on
µ−1(0).
Theorem 4.6. If the G-ation satises onditions (F) and (D), then
the quotient µ−1(0)/G inherits a smooth, non-degenerate hypersymple-
ti struture.
On the other hand, if the G-ation fulls onditions (F) and (S),
then the smooth manifold µ−1(0)/G inherits a non-degenerate hyper-
sympleti struture only if ondition (D) is satised.
Proof. Hithin's results provide a non-degenerate hypersympleti stru-
ture provided µ−1(0)/G is a smooth manifold and (D) holds: the sym-
pleti form ω′I on the quotient is dened by the equation π
∗ω′I = i
∗ωI ,
where π is projetion from µ−1(0) to the quotient. Thus for the rst
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part of the Theorem we only need to onsider ondition (S) of Deni-
tion 4.2.
Suppose IX1+SX2+TX3 = 0 at p ∈ µ−1(0). Then, for eah Y ∈ Gp
we have
g(X1, Y ) = g(IX1, IY ) = g(IX1 + SX2 + TX3, IY ) = 0
at p. Thus by ondition (D), X1 = 0. Similarly, X2 = 0 = X3 and
ondition (S) holds.
For the seond part, if ondition (D) fails, then there is a p ∈ µ−1(0)
suh that V := (G ∩ G⊥)p is non-zero. Suppose ω′I is non-degenerate.
Then ker i∗ωI = ker π∗ω
′
I = G. Equation (4.2) gives that SV and TV
are subspaes of G. However, SV is ontained in SG whih is orthogonal
to G. Hene, V is invariant under S and T and hene under I = ST .
Taking X1 = IX , X2 = SX , X3 = 0 for some non-zero X in V , we
see that ondition (S) is violated. Thus if the quotient geometry is
non-degenerate and (S) holds, then (D) must hold too. 
As simple ase of the above result is:
Corollary 4.7. A hypersympleti quotient by a free irle ation with
Killing eld X is a smooth hypersympleti manifold exept at points
where g(X,X) = 0. 
It will be useful, in the light of Corollary 4.7, to have a formula for
the length of the Killing eld of a irle ation on Cd,d. If the ation is
given by
(zk, wk) 7−→ (eiθktzk, eiθktwk),
then the assoiated vetor eld is
X =
d∑
k=1
iθkzk
∂
∂zk
+ iθkwk
∂
∂wk
− iθkz¯k ∂
∂z¯k
− iθkw¯k ∂
∂w¯k
,
giving
g(X,X) =
d∑
k=1
θ2k(|zk|2 − |wk|2). (4.3)
We next investigate when the ondition (S) of Denition 4.2 holds
for general tori redutions of at spae. For three vetor elds X1,
X2, X3 with oeients θ
(i)
k , i = 1, 2, 3, the equation (4.1) beomes
θ
(1)
k zk = (iθ
(2)
k − θ(3)k )wk, for k = 1, . . . , d,
θ
(1)
k wk = −(iθ(2)k + θ(3)k )zk, for k = 1, . . . , d.
(4.4)
For eah k, these equations have the form
az = bw, aw = b¯z,
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with a ∈ R and b ∈ C. We dedue that a2z = abw = |b|2 z, and
similarly a2w = |b|2w. So the system (4.4) has a solution if only if for
eah k,
either (zk, wk) = 0,
or θ
(1)
k = 0 = θ
(2)
k = θ
(3)
k ,
or zk = ξkwk and ξkθ
(1)
k = i(θ
(2)
k + iθ
(3)
k ),
for some ξk with |ξk| = 1.
(4.5)
We also disuss the question of degeneray of the hypersympleti
struture. We know from Theorem 4.6 and the disussion leading up to
equation (4.3) that degeneray ours if and only if the inner produt
q = diag(|zk|2 − |wk|2)dk=1 (4.6)
is degenerate on n 6 Rd at some point (z, w) ∈ µ−1(0). Equivalently,
in the notation of 3, at some point of µ−1(0) there is ζ ∈ n \{0} suh
that q(ζ, ·) ∈ ker ι∗ = im β∗. From (3.3), this ondition is equivalent to
the existene of ζ ∈ n \{0} and s ∈ Rn suh that
ζk(|zk|2 − |wk|2) = 〈s, uk〉 , for k = 1, . . . , d. (4.7)
In 5 we shall rene both of these riteria.
5. Tori geometry of the quotient
We shall now study some properties of the hypersympleti quo-
tient M of Cd,d by a ompat Abelian group N ⊂ Td. This quotient
arries an ation of the torus T
n = Td/N and we may onsider the map
φ : M → R3n given by
φ : (z, w) 7−→ (a, b), (5.1)
where a and b are as in (3.5) and (3.6). When M is smooth and
hypersympleti this is the moment map for the ation of Tn on M .
A similar map is onsidered in the Kähler and hyperkähler ases [Gu,
BD℄. In the rst ase, the analogue of φ is a map M → Rn with image
the polyhedron dened by (3.2). The map indues a homeomorphism
of M/Tn onto the polyhedron.
In the hyperkähler ase, one has a map onto the whole of R3n, and
again a homeomorphism M/Tn ∼= R3n. Essentially, this follows from
the N = {1} ase, i.e., the fat that the moment map (zk, wk) 7−→(
1
2
(|zk|2 − |wk|2), izkwk
)
for the hyperkähler ation of Td on Hd indues
a homeomorphism from H
d/Td onto R3d.
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In our ase, the image of φ is an interesting subset of R3n, but we
no longer obtain a homeomorphism. Indeed the bres of φ may be
disonneted.
We introdue the following notation:
ak := 〈a, uk〉 − λ(1)k ,
bk := 〈b, uk〉 − λ(c)k ,
(5.2)
for a ∈ Rn, b ∈ Cn, k = 1, . . . , d and where
λ
(c)
k := λ
(2)
k + iλ
(3)
k .
Proposition 5.1. The image of the moment map φ, equation (5.1), is
the set
K =
{
(a, b) ∈ Rn × Cn : ak > |bk| , for k = 1, . . . , d
}
.
Moreover φ indues a nite-to-one map φ˜ from M/Tn onto K. The
bre of φ˜ over (a, b) has 2m points, where m is the number of the
inequalities in the denition of K whih are strit for (a, b).
Proof. By (3.5) and (3.6), (z, w) is in µ−1(0) ⊂ Cd,d and satises
φ(z, w) = (a, b) if and only if
|zk|2 + |wk|2 = 2ak and zkw¯k = −ibk,
for k = 1, . . . , d. The torus Td ats by (zk, wk) 7→ (eiθkzk, eiθkwk). On
µ−1(0) we have that |wk| uniquely determines (zk, wk) up to the ation
of Td. Taking the absolute value of the seond equation and using the
rst equation to eliminate |zk|2, we get
|wk|2 = ak ±
√
ak2 − |bk|2.
Thus there is a solution for |wk|2 only if ak > |bk|. There are two
solutions if the inequality is strit, otherwise there is only one solution.
The result follows. 
Remark 5.2. Taking d = 1 and N = {1} in the proof of the proposition,
φ is the hypersympleti moment map for the ation of T1 on C1,1. One
an see that the orresponding hypersympleti quotient may be two
points, a single point, or empty depending on the hoie of level set.
So we may get smooth quotient sets of dierent topology for dierent
hoies of level set, ontrasting with the hyperkähler ase.
Proposition 5.3. The set K = φ(M) is onvex in R3n.
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Proof. Using (5.2), the set K is the intersetion of sets
Kk = { (a, b) ∈ Rn × Cn : ak > |bk| }, k = 1, . . . , d.
However, Kk is the preimage of the solid one { (x, z) ∈ R×C : x > |z| }
under the ane map (a, b) 7→ (ak, bk). Thus Kk is onvex, and it follows
that K is onvex too. 
Corollary 5.4. M is onneted if and only if eah inequality in the
denition of K is an equality at some point of K. 
Theorem 5.5. The hypersympleti quotient M = µ−1(0)/N is om-
pat if and only if the vetors u1, . . . , ud dene a bounded polyhedron
in R
n
.
Proof. Suppose u1, . . . , ud dene a bounded polyhedron. As M =
(µ−1I (0) ∩ (µS + iµT )−1(0))/N , it is enough to show ompatness of
µ−1I (0).
If (z, w) ∈ µ−1I (0), then the vetor a of (3.5) must live in the polyhe-
dron { a : 〈a, uk〉 > λ(1)k }, whih is ompat by hypothesis. Now (3.5)
gives us a bound on the |zk| and |wk| in terms of the uk and λk.
Conversely, note that M is ompat if and only if M/Tn is ompat,
and hene if and only if K is ompat. We may dene a projetion
p : K → Cn by p(a, b) = b. The bres of p are the polyhedra
Fb =
{
a ∈ Rn : 〈a, uk〉 > λ(1)k + |bk|
}
.
If M is ompat then Fb is ompat for eah b ∈ p(K). As Fb is
non-empty, this implies that u1, . . . , ud dene a bounded polyhedron
as in (3.2). 
As promised in 4, we now rene the riteria for smoothness and
non-degeneray of the hypersympleti quotient M , in terms of the
map φ and the vetors uk.
In order to onsider smoothness of M , we need to disuss the orbit
types of the ations of N on µ−1(0) and the smoothness of µ−1(0) itself.
Let us begin with the orbit types. In the notation (5.2), put
Vk := { (a, b) ∈ Rn × Cn : ak = 0 = bk }, (5.3)
see Figure 5.1. Note that (3.5) and (3.6) show that for (z, w) ∈ µ−1(0)
zk = wk = 0 if and only if (a, b) = φ(z, w) ∈ Vk.
Following [Gu℄, if A is a subset of {1, . . . , d} we denote by TA the torus
whose Lie algebra is
RA = spanR{ ek : k ∈ A }.
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Vk
Kk
Wka
Re b
Im b
Figure 5.1: The solid one Kk when n = 1.
We dedue that the stabiliser of (z, w), for the Td ation, is TJ , where
J := { k : φ(z, w) ∈ Vk }. (5.4)
Proposition 5.6. For (z, w) ∈ µ−1(0):
(i) StabN(z, w) equals TJ ∩ N , where TJ is the torus whose Lie
algebra is spanned by the vetors ek for whih φ(z, w) ∈ Vk;
(ii) On M , StabTn(z, w) is the torus whose Lie algebra is spanned
by the vetors uk suh that φ(z, w) ∈ Vk.
Moreover, putting Bx = (uk : x ∈ Vk),
(iii) StabN(z, w) is nite for all (z, w) ∈ µ−1(0) if and only if for
eah x ∈ φ(M), the olletion of vetors Bx is linearly indepen-
dent,
(iv) StabN(z, w) = 1 for all (z, w) ∈ µ−1(0) if and only if for eah
x ∈ φ(M), the olletion of vetors Bx is ontained in a Z-basis
for Zn.
Proof. Statements (i) and (ii) follow from the above disussion, while
(iii) and (iv) follow from (i), (ii) and results of Delzant [De℄ and Guillemin [Gu℄,
as ited in the proof of Theorems 3.2 and 3.3 in [BD℄. To see this, note
that Vk is the ane at Hk introdued in [BD℄. 
Remark 5.7. The argument of Theorems 3.2 and 3.3 of [BD℄ shows that
if every n + 1 of the Vk have empty intersetion, then the ondition
of (iii) holds and hene N ats loally freely on µ−1(0). In partiular,
for any given olletion of vetors uk, the ation will be loally free for
generi hoie of λ. Hene, by Sard's theorem, M = µ−1(0)/N will
have at worst orbifold singularities for generi hoie of λ.
Similarly, we see that if for eah A ⊂ {1, . . . , d} of size n, the olle-
tion (uk : k ∈ A) is a Z-basis for Zn, then M = µ−1(0)/N is a manifold
for generi λ.
14 ANDREW DANCER AND ANDREW SWANN
To determine preise onditions for the smoothness of µ−1(0), let
Wk := { (a, b) ∈ Rn × Cn : ak = |bk| }.
A point (z, w) ∈ µ−1(0) has φ(z, w) ∈ Wk if and only if |zk| = |wk|.
Note that Vk ⊂ Wk and that both sets may be empty for a given k.
Let J be as in (5.4) above and put
L := { ℓ : φ(z, w) ∈ Wℓ }.
Note that L ontains J .
Consider the equations (4.5) at (z, w) ∈ µ−1(0). For k ∈ J , there is
no restrition on θ
(i)
k . For k ∈ L′, the omplement of L in {1, . . . , d},
we require θ
(i)
k = 0, for i = 1, 2, 3. For k ∈ L \ J , we have ξkθ(1)k =
i(θ
(2)
k + iθ
(3)
k )). For suh k, we have |zk| = |wk| 6= 0, so ξk is uniquely
determined by
ξk =
zk
wk
=
zkw¯k
|wk|2
= −i bk
ak
.
Consider the map
Λ(a,b) : nL,J ⊗(R× C)→ CL\J ,
Λ(a,b)(θ
(1)
k , θ
(c)
k ) = (bkθ
(1)
k + akθ
(c)
k ),
(5.5)
where nL,J is the projetion to RJ ′ of nL := n∩RL. Alternatively, nL,J
is the kernel of the map βL,J : RL\J → Rn/ im(β|RJ ) indued by β.
Proposition 5.8. For a loally free ation of N on µ−1(0), the ondi-
tion (S) of Denition 4.2 for smoothness of the level set µ−1(0) holds
if and only if the linear map Λ(a,b) of equation (5.5) is injetive at eah
point (a, b) of K. 
Remark 5.9. Over the ombinatorial interior of K,
CInt(K) = K \
d⋃
k=1
Wk,
the set L is empty, so φ−1(CIntK) ⊂ M is always a smooth manifold.
The ombinatorial interior is equal to the topologial interior if Kk 6=
Wk, for all k.
Remark 5.10. By Proposition 5.6, if the ation of N is loally free
then nL is transverse to RJ and hene the orthogonal projetion nL →
nL,J is injetive. Thus the smoothness ondition will neessarily fail
if 3 dim nL > 2 |L \ J |. Sine dim nL > |L| − n, we onlude that
smoothness requires |L| 6 3n, i.e., no more than 3n of the Wk's may
meet in K.
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Finally, let us onsider non-degeneray of the hypersympleti stru-
ture.
Proposition 5.11. The non-degeneray ondition (D) of Denition 4.5
fails at some point (z, w) ∈ µ−1(0) with φ(z, w) = (a, b) if and only if
there exist salars ζ1, . . . , ζd, not all zero, and s ∈ Rn suh that
4ζk
2
(
ak
2 − |bk|2
)
= 〈s, uk〉2, for k = 1, . . . , d (5.6)
and
d∑
k=1
ζkuk = 0. (5.7)
Proof. This is immediate from the the disussion at the end of 4, equa-
tion (4.7), the denition of n as ker β, and the proof of Proposition 5.1
whih expresses |zk| and |wk| in terms of a and b. 
Remark 5.12. Consider the speial ase when s = 0. The expression
ak
2 − |bk|2 is zero on Wk. Suppose A ⊂ {1, . . . , d} has n + 1 elements.
Then (uk : k ∈ A) is linearly dependent, so we may nd (ζ1, . . . , ζd) ∈
RA \ {0} satisfying (5.7). If
K ∩
⋂
k∈A
Wk 6= ∅
then we then obtain a solution to the remaining equations (5.6). Thus
if n+1 of theWk's meet inK, then ondition (D) neessarily fails. This
is a onsiderably stronger restrition than that obtained for smooth-
ness in Remark 5.10, and as we will see in 7, one may easily obtain
smooth quotients with hypersympleti strutures that degenerate on
some hypersurfae.
Theorem 5.13. Let φ be the moment map for the ation of Tn on the
hypersympleti quotient M = µ−1(0)/N . Suppose the ombinatorial
interior CInt(K) of the image K of φ is non-empty. Then an open
subset of M arries a smooth non-degenerate hypersympleti struture.
When M is ompat, the degeneray lous is non-empty of odimen-
sion at least one.
Non-trivial examples of quotients with empty degeneray lous will
be given in 7.
Proof. We have already noted that M is smooth over CInt(K). For
(a, b) ∈ CInt(K), we have a2k 6= |bk|2 for all k. Equations (5.6) may be
thus be solved for ζk and equation (5.7) beomes
H(s, w) :=
d∑
k=1
wk 〈s, uk〉uk = 0,
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with w = (w1, . . . , wd), wk = 1/(2εk
√
ak2 − |bk|2), εk = ±1 and s 6= 0.
NowH : R1×R2 → Rn, where R1 = Rn\{0} and R2 is an n-dimensional
manifold ontained in the omplement of the oordinate axes in R
d
, has
dierential DH(s,w)(ς, υ) =
∑d
k=1 〈wkς + υks, uk〉 uk whih has rank n
when wk 6= 0 for all k. Thus H−1(0) is a submanifold of R1 × R2 ⊂
Rn × Rd of dimension n. But if (s, w) lies in H−1(0) then so does
(λs, w) for λ ∈ R \ 0. So the projetion of H−1(0) to the seond fator
R2, has dimension at most n− 1, i.e., the degeneray lous is at least
odimension one.
Now suppose that M is ompat. Consider the map p : K → Cn
of Theorem 5.5 and its bres Fb. Note that when the interior IntFb
is non-empty we have IntFb = { a ∈ Rn : ak > |bk| }. As this is
an open ondition on b, we see that p(IntFb) ⊂ Int(p(K)). Fix b on
the boundary of p(K). Then Fb is a ompat polytope in R
n
with
empty interior. Let v be a vertex of that polytope. Then v is at the
intersetion of at least n hyperplanes ak = |bk|. However, if only n
hyperplanes meet, then we an nd interior points of Fb lose to v.
Thus n + 1 hyperplanes meet in v. This is the same as saying that
(v, b) lies on n + 1 of the Wk. By Remark 5.12, this implies that the
hypersympleti struture is degenerate at (v, b). 
We shall next relate our quotients to tori varieties. We rst prove
a lemma.
Lemma 5.14. Let δ : Td → Td × Td = T2d be the diagonal map, and
let N be a ompat Abelian subgroup of Td.
If N 6 Td is dened by a olletion of vetors in Rn dening a
bounded polyhedron, then δ(N) 6 T2d is dened by a olletion of ve-
tors in Rn+d dening a bounded polyhedron.
Proof. We have an exat sequene
0 −→ δ∗(n) ι˜−→ Rd ⊕ Rd = R2d β˜−→ Rn+d −→ 0,
for some map β˜. It is straightforward to hek that δ∗(n) = { (v, v) :
v ∈ n } is the kernel of the map dened by
ek 7−→ u˜k :=
{
uk + ek+d, if k 6 d,
−ek, if k > d.
So we an take this map to be β˜, and hene δ∗(n) is dened by vetors
u˜1, . . . , u˜2d.
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Consider the polyhedron { s ∈ Rn+d : 〈s, u˜k〉 > ck, k = 1, . . . , 2d }.
The dening inequalities may be written as
〈s1, uk〉+ 〈s2, ek+d〉 > ck, for k = 1, . . . , d,
〈s2,−ek+d〉 > ck+d, for k = 1, . . . , d,
where s = s1 + s2, s1 ∈ Rn and s2 ∈ span{ed+1, . . . , e2d}. We see that
〈s1, uk〉 > ck + ck+d, for k = 1, . . . , d. As u1, . . . , ud dene a bounded
polyhedron by hypothesis, we get a bound on s1, and hene, from
ck − 〈s1, uk〉 6 〈s2, ek+d〉 6 −ck+d
a bound on s2. 
Now, observe that µI is just the moment mapm for the Kähler ation
of δ(N) on C2d. (Here C2d has the standard omplex struture I0, not
the hypersympleti omplex struture I, as remarked in 2).
The onstrution of Guillemin and Delzant now gives:
Theorem 5.15. M is the sub-variety
µS + iµT = 0
in the tori variety m−1(0)/δ(N). If the vetors uk dene a bounded
polyhedron, then by Lemma 5.14 this tori variety is ompat. 
Remark 5.16. Note that µS+ iµT , although I-holomorphi, is not holo-
morphi with respet to the omplex struture on this tori variety,
whih is indued from I0.
We onlude by disussing two ations that an our on M for
speial hoies of λ.
Remark 5.17. If we take λ
(j)
k = 0 for all j, k, then (0, 0) ∈ µ−1(0) and is a
xed point of N , giving a singular point in the quotientM = µ−1(0)/N .
In fat it follows from (3.5), (3.6) with λ
(k)
j = 0 that we have a saling
ation (z, w) 7→ (t.z, t.w), for t ∈ R∗ on µ−1(0) whih desends to the
quotient, so that M is a one with vertex at (0, 0).
Remark 5.18. Harada and Proudfoot [HP℄ have observed that in the
hyperkähler ase, if we take λ
(2)
k + iλ
(3)
k = 0 for all k, then the quotient
M admits a irle ation
(z, w) 7→ (z, eiψw).
This ation is holomorphi with respet to I but not with respet to J
or K.
This ation does not our for the Kähler quotients of [Gu, De℄. How-
ever we observe that it does exist for our hypersympleti quotients,
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provided we take λ
(2)
k + iλ
(3)
k = 0 as above. The ation is ompatible
with I but not with S or T .
Note also that under this ondition on λ, the hypersympleti quo-
tient ontains two distinguished subvarieties, dened by the vanishing
of z and w respetively. Eah of these may be identied with a Kähler
quotient of Cd by N , and hene with a tori variety.
The lous w = 0 lies in the xed point set of the irle ation. As M
is a quotient, we may in addition have other omponents of the xed
point set. We nd, as in the hyperkähler ase, that the xed point
set in general is a union of tori varieties whih may be enumerated in
terms of onditions on the vetors uk.
6. Involutions
In the Kähler ase studied by Guillemin and Delzant, the moment
map µ : Cd 7→ n∗ is invariant under the involution of Cd given by om-
plex onjugation. In fat, onjugation indues an involution γ of the
quotient M = µ−1(0)/N . Moreover the xed point set of omplex on-
jugation in µ−1(0) is a over of the xed point set of γ inM . The group
of dek transformations is the nite group Γ of involutions in N .
In the hyperkähler situation there appears to be no suh involution
in general.
In our hypersympleti ase, however, we do have an involution.
Expliitly, the map σ : Cd,d 7→ Cd,d given by
σ : (zk, wk) 7→ (w¯k, z¯k)
preserves µ−1(0), and sends N-orbits toN-orbits. (It does not ommute
with the ation, but we have σ(g ·(z, w)) = g−1 ·σ(z, w), whih sues).
It follows that σ indues an involution σˆ on the hypersympleti
quotient M = µ−1(0)/N . Let us denote by µ−1(0)σ and Mσˆ the xed
point sets of the involutions in µ−1(0) and M respetively.
Theorem 6.1. The natural projetion π : µ−1(0) → M indues a sur-
jetion
µ−1(0)σ → Mσˆ.
If N ats freely on µ−1(0) this map is a over whose group of dek
transformations is the nite group
Γ = { h ∈ N : h2 = 1 }.
Proof. Observe rst that (z, w) ∈ µ−1(0) represents a point in Mσˆ if
and only if there exists g ∈ N with w = g−1z¯ = gz. Now if h ∈ N
satises h2 = g, then
h · (z, w) = h · (z, gz) = (hz, h−1gz) = (hz, hz)
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so (z, w) represents the same point in M as does (hz, hz) ∈ µ−1(0)σ.
This proves the surjetivity assertion.
Next, suppose that two points (z, z¯) and (u, u¯) in µ−1(0)σ are related
by the ation of g ∈ N . We need, for eah k,
zk = e
iθkuk and z¯k = e
iθk u¯k
for some eiθk ∈ T1. Hene either eiθk is an order two element in T1 or
zk = uk = 0. We dedue that g
2 ∈ TJ ∩N where J is the set of indies
for whih zk = 0.
If N ats freely on µ−1(0) then TJ ∩N is trivial by Proposition 5.6.
The remaining assertions now follow easily. 
Proposition 6.2. The sympleti forms ωI , ωS and ωT all vanish when
restrited to Mσˆ.
Proof. The involution σˆ pulls bak ωI , ωS and ωT to their negatives. 
Remark 6.3. Non-degenerate hypersympleti manifolds with multi-
Lagrangian subsets have reently appeared in [FPPW℄. There hyper-
sympleti strutures arise on T2n-brations over a T2n base, and the
bres are multi-Lagrangian.
In ontrast, we have:
Proposition 6.4. The xed point set Mσˆ is non-empty only if
d⋂
k=1
Wk 6= ∅.
The non-degeneray statement (D), Denition 4.5, is not satised on
TM |Mσˆ . In partiular, if the ation satises onditions (F) and (S)
of Denitions 4.1 and 4.2, then M is smooth but the hypersympleti
struture is degenerate over Mσˆ.
Proof. If (z, w) ∈ µ−1(0) is a xed point for σ, then |zk| = |wk| for
k = 1, . . . , d. This is the ondition that φ(z, w) ∈ Wk for k = 1, . . . , d
and the assertion follows.
When |zk| = |wk| for all k, the quadrati form (4.6) is identially zero.
Thus ondition (D) fails. The nal statement follows from Theorems
4.3 and 4.6. 
7. Examples
7.1. The diagonal irle ation. Let us take d = n + 1, and take
uk = ek, for k = 1, . . . , n,
un+1 = −(e1 + · · ·+ en)
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so the vetors uk dene the standard simplex in R
n
. Now N is the
standard diagonal irle in Tn+1. The orresponding tori hyperkähler
manifold is the Calabi spae T ∗CP (n).
In the hypersympleti ase M = µ−1(0)/N is the quotient of the
subset of Cn+1,n+1 ut out by the equations
n+1∑
k=1
|zk|2 + |wk|2 = −2
n+1∑
k=1
λ
(1)
k ,
n+1∑
k=1
zkw¯k = −i
n+1∑
k=1
(λ
(2)
k + iλ
(3)
k ),
by the ation
zk 7−→ eiθzk, wk 7−→ eiθwk.
Using Theorem 5.15, this may be identied with a hypersurfae in
µ−1I (0)/N = CP
2n+1
.
Note that the ation
(z, w) 7−→ (Az,Aw), for A ∈ U(n + 1)
preserves the level set of µ−1(0) and ommutes with the ation of N ,
so denes an eetive PU(n+ 1) ation on M .
The stabiliser of (z, w) is P (U(1)× U(n)) if z, w are linearly depen-
dent, and P (U(1)× U(n− 1)) otherwise: the PU(n + 1) ation on M
is therefore ohomogeneity one.
Let us write
P = −2
n+1∑
k=1
λ
(1)
k , Q = −i
n+1∑
k=1
(λ
(2)
k + iλ
(3)
k )
A neessary ondition for M to be nonempty is |Q| 6 1
2
P
The vetor eld X for the ation of N takes the value (iz, iw) at the
point (z, w). From 4 we see that IX, SX, TX are linearly independent
unless w = λz for a omplex number λ of unit modulus. It is easy
to hek that suh a point (z, w) annot lie in µ−1(0) exept in the
speial ase |Q| = 1
2
P . We dedue that M is a smooth manifold unless
|Q| = 1
2
P .
The hypersympleti struture on M will degenerate at some points,
however. Observe that the point (z, w), where
z = (
√
1
2
P, 0, . . . , 0), w = (
Q¯√
1
2
P
,w2, . . . , wn+1)
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and
n+1∑
k=2
|wk|2 = 12P −
|Q|2
1
2
P
lies in µ−1(0) when this set is nonempty. Moreover, from (4.3), we
have that the Killing eld for the irle N is null at (z, w). Hene the
hypersympleti struture degenerates at this point.
If we take Q = 0 then we have a irle ation
(z, w) 7→ (z, eiψw)
as disussed in Remark 5.18. The xed point set of this ation in
M = µ−1(0)/N is the union of the loi z = 0 and w = 0. These are
both dieomorphi to CPn, and are the speial orbits of the PU(n+1)
ation in this ase.
7.2. Codimension-one subgroups. Take n = 1, and rst onsider
uk = e1, for k = 1, . . . , d,
so
n =
{ d∑
k=1
akek :
d∑
k=1
ak = 0
}
and N is the torus Td−1 = {(t1, . . . , td) : t1t2 . . . td = 1} in Td. The
Gibbons-Hawking multi-instanton metris are obtained as hyperkähler
quotients of Hd by N .
We obtain, analogously, 4-dimensional hypersympleti quotients of
C
d,d
by N , with an ation of the irle group Td/N . Like the multi-
instanton spaes, these hypersympleti spaes are non-ompat, as
an by seen from Theorem 5.5.
Note that the sets Vk of (5.3) are now just the d points
Vk = {(λ(1)k , λ(2)k , λ(3)k )}, for k = 1, . . . , d.
Proposition 5.6 (iv) shows that N ats freely on µ−1(0) provided that
these d points are distint (as in the hyperkähler ase).
The set K = φ(M) in Proposition 5.1 is the intersetion of the d
ones
{(a, b) ∈ R× C : a− λ(1)k > |b− (λ(2)k + iλ(3)k )|}
with verties at (λ
(1)
k , λ
(2)
k , λ
(3)
k ), for k = 1, . . . , d. All these ones have
the same angle and parallel axes.
The xed points of the irle ation orrespond, from Proposition 5.6(ii),
to the preimages under φ of those points (λ
(1)
k , λ
(2)
k , λ
(3)
k ) whih lie in
the intersetion of the ones.
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We dedue that dierent ongurations of the ones may give a zero
or non-zero number of xed points. This gives an example of dierent
hoies of level set giving quotient sets whih are inequivalent as T
n
-
manifolds.
By ontrast, in the hyperkähler ase, φ(M) is the whole of R3, and
we always get d xed points for the irle ation (provided that the
points Hk = Vk are distint).
Let us now onsider what may happen for arbitrary hoies of uk
when n = 1 and d is small.
Example 7.1. Consider n = d = 1. This ase is relatively trivial as the
group N is disrete. However, it illustrates a number of features of our
onstrutions.
The map β is dened by a single u1 ∈ Z\ {0}, whih we may take to
be positive. The image of the moment map φ is the solid one K = K1
onsisting of (a, b) ∈ R × C suh that a − λ(1)1 /u1 > |b− λ(c)1 /u1|, as
in Figure 5.1. The vertex Vk is the point (λ
(1)
1 /u1, λ
(c)
1 /u1). The N-
ation is free only if u1 = 1, in whih ase N = {1}. As n = {0}, the
maps Λ(a,b) (5.5) are injetive, so the quotient is indeed smooth when
u1 = 1. The equation (5.7) implies ζ1 = 0, onrming that the quotient
geometry is non-degenerate.
In the ase u1 = 1, the indued map φ˜ : C
1,1/T1 → K = K1 is 2-to-1,
branhed over ∂K = W1. Eah dis D(r) = {(a, b) ∈ K : a = r + λ(1)1 }
is the image of a two-sphere S2(r) in C1,1/T1 ∼= R3, and this sphere
in turn is the quotient of the three-sphere S3(2r) = {|z|2 + |w|2 = 2r}
in C1,1. The map S2(r) → D(r) may be thought of as orthogonal
projetion to the equatorial plane, whereas the map S3(2r)→ S2(r) is
the Hopf bration.
Example 7.2. If n = 1 and d = 2 we are onsidering hypersympleti
quotients of C2,2 by a one-dimensional Abelian group and the result
is a four-dimensional hypersympleti manifold M with S1-symmetry.
The map β dening N is determined by u1, u2 ∈ Z not both zero.
Without loss of generality we may take u1 > 0. Let us restrit to the
non-degenerate ase where u2 is also non-zero. The moment map φ
on M has image K = K1 ∩ K2, where Kk are solid ones in R × C
with verties Vk = (λ˜
(1)
k , λ˜
(c)
k ) := (λ
(1)
k /uk, λ
(c)
k /uk). The quotient M is
ompat if and only if u1 > 0 > u2.
Let us suessively onsider the onditions (F), (S) and (D) of 4 for
these quotients.
For the freeness ondition (F) of Denition 4.1, Proposition 5.6 fores
V1 6= V2 and imposes the restrition that uk = ±1 if the vertex Vk
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K1
K = K2
(a) u1 > u2 = 1, V2 ∈ IntK1
K
K1 K2
(b) u1, u2 > 0, V2 6∈ K1
K1
K2
K
() u1 = 1 = −u2, V2 ∈ IntK1
Figure 7.1: Congurations giving smooth quotients from non-
degenerate S1- and S1 × Z/m-ations on C2,2.
lies in K. Allowable one ongurations inlude the three given in
Figure 7.1: (7.1a) has u1 > 0, u2 = 1 and N = S
1
; (7.1b), u1, u2 > 0
and N = S1×Z/ gcd(u1, u2); (7.1), u1 = 1, u2 = −1. Other allowable
ongurations have V2 ∈ W1 \ V1.
Turning to the smoothness ondition (S) of Denition 4.2, assume
that the N-ation is free. By Remark 5.10, smoothness fails if V2 lies
in W1, sine at V2 we then have L = {1, 2}, J = {2} and nL = n
has dimension 1. Thus the ongurations of Figure 7.1 are the only
andidates for smooth quotients. For Figure 7.1a, there is no more
to hek as nL = {0} at all points of K. For Figures 7.1b and 7.1
we need to onsider points (a, b) ∈ W1 ∩ W2. Here L = {1, 2} and
J = ∅, so nL,J = nL = n ∼= R and the map Λ(a,b) : n⊗(R × C) → C2
in equation (5.5) is
Λ(a,b)
((
x1
x2
)
⊗ (θ(1), θ(c))
)
=
(
x1(b1θ
(1) + a1θ
(c))
x2(b2θ
(1) + a2θ
(c))
)
,
where x1u1 + x2u2 = 0. This is not injetive if and only if b1/a1 =
−θ(c)/θ(1) = b2/a2 for some (θ(1), θ(c)). On Wk, ak = |bk|, so bk/ak =
eiϕk . Looking from above, we have Figures 7.2a and 7.2b. One sees that
the quotient is smooth when we have Vk /∈ Wj for k 6= j. Thus the three
ongurations of Figure 7.1 give smooth four-dimensional manifolds.
Finally, we turn to the non-degeneray of the hypersympleti stru-
ture as guaranteed by ondition (D) of Denition 4.5, when the quotient
is smooth satisfying onditions (F) and (S). Remark 5.12 shows that for
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V˜1
V˜2
p
ϕ1
ϕ2
K1 K2
(a) u1, u2 > 0
V˜1 V˜2
p
ϕ1 ϕ2
K1 K2
(b) u1 > 0 > u2
Figure 7.2: Level sets a onstant through K1 and K2 showing
the angles ϕk for a point p = (a, b) ∈ W1 ∩W2. The points V˜k
are the orthogonal projetions to this plane of the verties Vk.
(D) to hold we must have W1∩W2 = ∅. This only ours when u2 = 1
and V2 ∈ IntK1, as in Figure 7.1a. Thus the other two ongurations
give smooth manifolds with a hypersympleti struture that degener-
ates along some hypersurfae. Indeed in these two ases the xed point
set of the involution σˆ of 6 is non-empty and Proposition 6.4 applies.
For u2 = 1 and V2 ∈ IntK1 we need to onsider Proposition 5.11 in
detail. Put a˜k = ak/uk = a− λ˜(1)k , b˜k = bk/uk = b− λ˜(c)k and
fk(a, b) = a˜
2
k − |b˜k|2 .
Then fk > 0 on Kk with equality on Wk. Equations (5.6) and (5.7) are
now
ζ21f1 =
1
4
s2 = ζ22f2, (7.1)
ζ1u1 + ζ2u2 = 0, (7.2)
for some s ∈ R. In K = K2, we have f1 > f2, sine this holds on W2
and f1 − f2 is an inreasing linear funtion of a. Fixing b, we have
lima→∞(f2/f1)(a, b) = 1, so f2/f1 takes all values in [0, 1) in K. Now
(7.1) implies ζ21/ζ
2
2 = f2/f1, whereas (7.2) gives ζ1/ζ2 = −1/u1, sine
u2 = 1. We onlude that the hypersympleti struture on this quo-
tient is non-degenerate if and only if u1 = 1.
Topologially, the quotient M from u1 = u2 = 1 and V2 ∈ IntK1,
is non-ompat with two onneted omponents interhanged by the
involution σˆ of 6. On eah omponent, a is a Morse funtion with
a single ritial point of index 0. Topologially and smoothly eah
omponent ofM is R4. The hypersympleti struture is not in general
at.
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To see this, onsider the ase where λ
(c)
1 = 0 = λ
(c)
2 , so the quotient
arries the Harada-Proudfoot irle ation of Remark 5.18. The xed-
point set has, as one omponent, the image of w1 = 0 = w2. This
is totally geodesi in M with metri h obtained from the quotient of
the set { |z1|2 − |z2|2 = c1 = λ(1)1 + λ(2)2 } in C2 by the isometri irle
ation (z1, z2) 7→ (eiθz1, e−iθz2). For the ase c1 = 1, writing z1 =√
1 + r2eiθ and z2 = re
i(ψ−θ)
, we get h = 2r
2+1
r2+1
dr2 + r
2(r2+1)
2r2+1
dψ2, whih
has urvature −1/(2r2 + 1)3.
7.3. Another irle ation. Let us modify the ation of 7.1, so d =
n+ 1 and
uk = ek, for k = 1, . . . , n,
un+1 = e1 + · · ·+ en.
Take λ
(i)
k = 0 for i = 1, 2, 3 and k = 1, . . . , n. Put λ
(1)
n+1 = −λ < 0 and
λ
(c)
n+1 = 0. Then if a = (a(1), . . . , a(n)) ∈ Rn, et., we have
Kk = { (a, b) ∈ Rn × Cn : a(k) > |b(k)| }, for k = 1, . . . , n,
Kn+1 =
{
(a, b) ∈ Rn × Cn : λ+
n∑
k=1
a(k) >
∣∣∣∣
n∑
k=1
b(k)
∣∣∣∣
}
.
We see immediately that K is the intersetion of just K1, . . . , Kn and
thatWn+1 does not meetK. As V1∩. . .∩Vn lies inK and {e1, . . . , en} is
a Z-basis for Zn, Proposition 5.6 implies that the ation of the irle N
is free on µ−1(0). For smoothness, note that the index sets L and J are
both subsets of {1, . . . , n}. However, n{1,...,n} = {0} sine the restri-
tion of β to R{1,...,n} = R
n → Rn is the just the identity map. Propo-
sition 5.8 implies that the hypersympleti quotient M = µ−1(0)/N is
thus smooth. Topologially and smoothly it has two onneted om-
ponents whih are opies of R4n. These omponents are interhanged
by the involution σ.
That the quotient has a non-degenerate hypersympleti struture
may be seen as follows. Using (5.7), we have ζ1 = · · · = ζn = ζ and
ζn+1 = −ζ . Putting s˜ = s/2ζ the system (5.6) beomes
a2(k) = |b(k)|2 + s˜2k, for k = 1, . . . , n,
(a(1) + · · ·+ a(n) + λ)2 = |b(1) + · · ·+ b(n)|2 + (s˜(1) + · · ·+ s˜(n))2.
Using the triangle inequality, the rst n-equations imply that the left-
hand side of the last equation is stritly greater than the right-hand
side for λ > 0. So there is no solution to the degeneray equations and
we obtain a smooth non-degenerate hypersympleti struture on two
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opies of R4n. The omputations of the previous setion show that this
metri is not at.
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